Using suitable polychromatic superpositions of helical Mathieu and parabolic nondiffracting beams, we study for the first time, to the best of our knowledge, the higher-order helical Mathieu X waves and the traveling and stationary parabolic X waves. The mathematical and physical properties of these new kinds of localized pulses are discussed.
INTRODUCTION
Localized pulses are broadband wave-packet solutions of the wave equation that have been widely studied since the introduction by Lu and Greenleaf of the so-called X waves [1, 2] . Over the last 15 years, the theory of localized pulses has been developed and experimentally verified in the fields of acoustics [1, 2] , microwaves [3] , and optics [4] [5] [6] [7] for a variety of extended spectral functions. On the other hand, nondiffracting beams are monochromatic solutions of the wave equation that propagate indefinitely in free space without changing their transverse intensity distribution [8, 9] . Optical generation and characterization of nondiffracting beams are now well established, and new beam structures and applications are actively being reported [10] . Four fundamental families of nondiffracting beams are known: plane waves in Cartesian coordinates, Bessel beams in circular coordinates [8, 9] , Mathieu beams in elliptic coordinates [11, 12] , and parabolic beams in parabolic coordinates [13, 14] . Here we use the term "fundamental" to refer to a complete family of beams that constitutes a basis for expanding any arbitrary nondiffracting beam with the same transverse spatial frequency.
The connection between localized pulses and nondiffracting beams arises from the fact that the former can be constructed with a suitable polychromatic superposition of the latter [5, 6] . Until now, plane waves and Bessel beams have served as the standard basis to build X waves [2, 5, 6] ; however, this construction can certainly also be realized using Mathieu and parabolic nondiffracting beams. In this direction, in a recent paper, Dartora and Hernandez-Figueroa [15] reported for the first time, as far as we know, an X wave based on the superposition of zeroth-order, even Mathieu beams, obtaining a localized pulse that lacked the typical rotational symmetry found in Bessel-based X waves.
In this paper, we show the general method for obtaining localized pulses based on the polychromatic superposition of fundamental families of nondiffracting beams and then introduce for the first time, to the best of our knowledge, helical Mathieu X waves and traveling and stationary parabolic X waves. The physical properties of these localized pulses are discussed. This approach provides alternative insight into the physics of X waves and sheds light on the strong connection of these waves to the nondiffracting solutions used in optics. Finally, we remark that this work consolidates and extends previous studies on zeroth-order Mathieu localized pulses [15] .
LOCALIZED PULSES IN TERMS OF NONDIFFRACTING BEAMS
We begin by writing the wave equation in free space for the time-varying scalar field U͑r t , z , t͒,
where r t = ͑x , y͒ = ͑r cos , r sin ͒ denotes the position at the transverse plane, ٌ t 2 is the transverse Laplacian operator, and c is the light speed.
Localized waves are defined through the condition of uniform propagation U͑r t , z , t͒ = U͑r t , z − vt͒, where v is the velocity of propagation of the wave field. This condition leads to the known Fourier representation Ũ ͑k t , k z , ͒ of the X waves given by [5, 6] 
where is the angular frequency, k t = ͑k x , k y ͒ = ͑k t cos , k t sin ͒ denotes the position at the transverse plane in the k space, and ␦ is the Dirac delta function.
The wave vectors k of the X wave lie on a cone of top angle 2␣ that opens from the k z axis in k space. The constituent plane waves propagate at speed c along the cone but their interference pattern has a superluminal velocity v = c / cos ␣. The complex amplitude function G͑ , ͒ is arbitrary and determines the transverse shape and the localization properties of the beam.
X waves in space are obtained by inverse Fourier transforming Eq. (2):
͑3͒
where ϵ z − vt is the longitudinal coordinate of a moving frame traveling at speed v along the z axis. Throughout the paper, the fields U͑r t , z , t͒ are restricted to positive frequencies only.
It is convenient to write the angular spectrum in the separable form
This separation is reasonable for the following reasons: (a) writing G͑ , ͒ as a product only assumes a decoupling between the spectral composition of the light source and the spatial structure of the macroscopic field; (b) in the case when these functions are not decoupled, arbitrary G͑ , ͒ can be built with a proper superposition of functions with the separable form, and (c) writing the function as a product allows for a representation of X waves in terms of fundamental families of nondiffracting beams, whose properties have been explored in several coordinate systems [8, 11, 13] 
and physically describes the transverse field of an ideal scalar nondiffracting beam with transverse wavenumber t ϵ͑ / c͒sin ␣. The expressions in Eqs. (3) and (6) are completely general in the sense that they do not depend on a particular coordinate system. Since the spectrum G͑ , ͒ is arbitrary, an infinite number of transverse profiles can be obtained.
It is clear from Eq. (5) that an X wave is obtained from a polychromatic superposition of pure nondiffracting beams with transverse and longitudinal wave numbers given by t and z , respectively. The wave is stationary in a moving frame which travels along the z axis with constant speed v = c / cos ␣. In Sections 3 and 4 we apply the formalism developed in this section to introduce localized X waves based on Mathieu and parabolic beams.
HELICAL MATHIEU PULSES
Mathieu beams constitute a complete and orthogonal family of nondiffracting beams that are solutions of the wave equation in elliptic coordinates [11, 12, 16, 17] . Recently, these beams have been applied for example to photonic lattices [18] and the transfer of orbital angular momentum using optical tweezers [19, 20] . Gaussian apodized Mathieu beams, which carry a finite power and can be generated experimentally to a very good approximation, have been already reported in free space [21, 22] and through ABCD optical systems [23, 24] .
A. Spectral Integral Representation
To construct X waves based on helical Mathieu beams we set the spatial part of the spectrum to be
where ce m ͑·͒ and se m ͑·͒ are the even and odd angular Mathieu functions of mth-order and ellipticity parameter Ն0. The positive and negative signs correspond to positive and negative helicity of the spectrum and eventually determine the direction of the orbital angular momentum carried by the wave field. Replacement of Eq. (8) into Eq. (6) yields the transverse field of the helical Mathieu beams, namely
where Je m ͑·͒ and Jo m ͑·͒ are the mth-order even and odd radial Mathieu functions, and C m and S m are normalization factors to ensure that the even and odd parts carry the same power. In Eq. (9), the radial ͓0, ϱ ͒ and angular ͓0,2͒ elliptic coordinates are related to the Cartesian coordinates according to
where h =2 ͱ / t =2 ͱ ͑c / ͒ csc ␣ is the semifocal distance of the elliptic coordinate system. The transverse distribution of the helical Mathieu beams [Eq. (9)] is characterized by a set of confocal elliptic rings whose eccentricity is determined by the parameter . Every nondiffracting X wave can be obtained from waves of this form by suitably weighing and summing over m.
B. Orthogonality of Helical Mathieu X Waves
We now turn to consider the orthogonality condition for helical Mathieu X waves. At a fixed time, the scalar product of two waves is defined by
Substituting the Fourier representation of the wave [Eq. (3)] into the scalar product, integrating over a cylinder of radius R, and substituting the angular spectrum of the helical Mathieu X waves [Eq. (8)], we obtain
͑13͒
Since the angular Mathieu functions ce m ͑͒ and se m ͑͒ satisfy the same orthogonality relations as their trigonometric counterparts cos and sin [25, 26] , then Eq. (13) reduces to
where ␦ m,n is the Kronecker delta symbol. Note that two helical Mathieu X waves with the same order are orthogonal inside the volume enclosed by the cylinder R if the integral in Eq. (14) vanishes. The inner product diverges as R → ϱ, which accounts for the fact that ideal Mathieu beams and X waves are not square integrable over all space.
C. Helical Mathieu X Waves in Terms of Bessel X Waves
The two-dimensional Helmholtz equation [Eq. (7)] can be solved in several orthogonal coordinate systems using the separation of variables method [26] . This fact leads to complete and orthogonal families of eigenfunctions of the two-dimensional Helmholtz equation and eventually of X waves. In this sense, helical Mathieu X waves can also be expressed as a summation of the standard X waves based on Bessel beams of the form
From [27] we know that monochromatic even and odd Mathieu beams admit of the Bessel expansions
where A n ͑m͒ and B n ͑m͒ are the expansion coefficients whose explicit expressions can be found in [27, 28] . Replacing into Eq. (9) and using the intermediate results
we obtain the transverse field of the helical Mathieu beam in terms of a summation of Bessel beams, namely
where
Finally, substitution into Eq. (11) produces
is the well-known integral expression for the nth-order Bessel X wave [5, 6] .
D. Three-Dimensional Distribution of the Helical Mathieu X Waves
In this paper we study the three-dimensional distribution of the helical Mathieu X waves using a spectral function of the general form
The spectrum contains four parameters: (i) p and control the skewness of the distribution (see Fig. 1 ), and (ii) min and max adjust the bandwidth of the function to the range ͓ min , max ͔ since the form of the polynomial forces the end points to be zero. The spectral distribution in Eq. (22) can be visualized as a superposition of two spectral functions of the standard form ͑polynomial in ͒ ϫ exp͑−͒ which is the usual form adopted for the spectral dependency of the X waves based on Bessel beams [5] [6] [7] .
The amplitude of a fifth-order helical Mathieu X wave in the planes y = 0 and = ͓−2,−1,0,1,2͔ m is illustrated in Fig. 2(a) . The conical angle ␣ is 15°and the frequency spectrum is given by Eq. (22) with the parameters corresponding to the function f I ͑͒ included in the caption of (11) at 201 transverse planes evenly spaced through the range ͉ ͉ Յ 2 m. The wave is localized and remains invariant in a coordinate system ͑x , y , = z − vt͒ that propagates in the z direction at a superluminal velocity v = c / cos ␣. The Mathieu X wave is of infinite transverse extent and it has a divergent total energy, which are typical properties of the ideal X wave [5] [6] [7] .
In Fig. 2(b) we show the transverse intensity and phase distributions of the wave at = 0. The pattern is characterized by a well-defined bright elliptic ring and a phase that rotates following an elliptic trajectory. For m Ͼ 1, the phase exhibits m in-line vortices, each with unitary topological charge such that the total charge (along a closed trajectory enclosing all the vortices) is m. Unlike Bessel X waves, the Mathieu X waves are not rotationally symmetric with respect to the propagation axis.
The intensity and phase of the wave at =1 m are included in Fig. 2(c) . The spirallike structure of the phase is an indication that the X wave acquires a spherical wavefront as the longitudinal coordinate increases. The topological charge remains constant at any transverse plane. To compare the transverse pattern of the Mathieu X wave [ Fig. 2(b) ] with respect to the monochromatic Mathieu beam, in Fig. 2(d) we show the intensity and phase of a Mathieu beam whose frequency corresponds to the maximum value of the spectral function f I in Fig. 1 . While for the monochromatic wave the energy is shared between several elliptic rings, for the polychromatic wave the energy is much more concentrated in a single and welldefined elliptic ring.
The spectral function f I ͑͒ used for the Mathieu X wave shown in Fig. 2 is skewed to the lower frequencies. For comparison purposes, in Fig. 3 we show the same fifth- order helical Mathieu X wave but now we are using the spectral function f II ͑͒ which is skewed to higher frequencies (see Fig. 1 ). The separation between consecutive rings is now smaller than in Fig. 2 because the transverse spatial frequency t of each spectral Mathieu component is proportional to , and we now have more contributions at larger frequencies.
PARABOLIC X WAVES
We now turn to consider parabolic nondiffracting beams, which constitute the fourth family of fundamental nondiffracting beams [13, 14] and can also serve as a basis to construct localized X waves. The transverse structure of the parabolic beams is described by the parabolic cylinder functions, and, contrary to Bessel or Mathieu beams, their eigenvalues are continuous instead of discrete.
A. Spectral Integral Representation
To construct X waves based on parabolic beams we set the spatial part of the spectrum to be
A e ͑;a͒, ͑0,͒ , ͑25͒
and a ͑− ϱ , ϱ ͒ is the continuous parabolicity parameter that plays the role of an order. Replacement of Eq. (23) into Eq. (6) yields the transverse field of the parabolic beams [13, 14] , namely
where ϵ͑2 t ͒ 1/2 , ⌫ 1 ϵ ⌫͑1/4+ia /2͒, and ⌫ 3 ϵ ⌫͑3/4 + ia /2͒. In Eq. (27) , P e ͑v ; a͒ and P o ͑v ; a͒ are the even and odd real solutions of the parabolic cylinder differential equation Figure 4 shows the transverse intensity and phase distributions for an even and a traveling parabolic beam with a = −1.618. For a Ͻ 0, the transverse intensity pattern of the parabolic beams consists of well-defined nondiffracting parabolic fringes with a dark parabolic region surrounding the negative x axis [13] . For the even and odd parabolic beams the intensity and phase patterns are invariant under propagation; however, for the traveling parabolic beams when observed at a fixed transverse plane the phase travels along confocal parabolic trajectories around the semiplane ͑x Ͻ 0,z͒ for a Ͻ 0.
Substitution of Eq. (27) into Eq. (5) leads to the general integral representation for parabolic X waves
͑29͒
Every nondiffracting X wave can be obtained from parabolic X waves of this form by suitably weighing and integrating over the continuous order a.
B. Three-Dimensional Distribution of Parabolic X Waves
To gain insight into parabolic X waves, in Fig. 5 we show the amplitude of an even parabolic X wave U a e ͑r t , ͒ in the planes y = 0 and = ͓−2,−1,0͔ m for a = −1.618 and a conical angle ␣ =15
‫ؠ‬ . The frequency spectrum is given by Eq. (22) with the parameters corresponding to the function f II ͑͒ included in the caption of Fig. 1 with = −9.26ϫ 10 −16 s. Like Mathieu X waves, the parabolic X waves are of infinite transverse extent and have a divergent total energy.
For the particular case shown in Fig. 5 the even parabolic X wave comes from the polychromatic superposition of real parabolic nondiffracting beams U a e ͑r t , ͒ with an even parity about the x axis; therefore the beam does not carry orbital angular momentum and the pattern remains symmetrical about the x axis for any longitudinal position . The phase structure of the wave shown in Fig. 5(d) suggests that the field at the plane = 0 reduces to a purely real function resembling the original even parabolic beam shown in Fig. 4(a) . Outside the plane = 0, the wave acquires a spherical phase front leading to an intrincate structure of vortices.
The three-dimensional distribution of a complex traveling parabolic X wave is depicted in Fig. 6 at the planes = ͓−2,−1,0͔ m. All the beam parameters are the same as for the corresponding even component shown in Fig. 5 . The spatial distribution was obtained by solving Eq. (29) at 201 transverse planes evenly spaced through the range ͉ ͉ Յ 2 m. The propagating behavior of the traveling parabolic X waves is expected to be different from that of the stationary even and odd parabolic X waves. Because of its complex phase distribution, transverse energy flow must occur along parabolic trajectories. Such behavior for the transverse energy flow is clearly observed in the image sequence shown in Fig. 6 . Note that the energy flows within the parabolic nodal lines around the negative x axis, and that the field is symmetrical about the x axis at the plane =0.
The results shown in Fig. 6 are of particular interest because they clearly illustrate the behavior of the transverse energy flow occurring in the traveling parabolic X waves. Even though this effect also takes place in Bessel X waves and helical Mathieu X waves for which their nodal lines are closed, in the case of the parabolic X waves the nodal lines never close making this effect more significant.
CONCLUSIONS
We have shown the general method for constructing localized pulses based on the polychromatic superposition of fundamental families of nondiffracting beams. We put emphasis on the helical Mathieu X waves of higher order and the traveling and stationary parabolic X waves. The particular mathematical and physical properties of these two new localized waves were discussed and exemplified with some illustrative examples and plots. Several applications for the new Mathieu and parabolic X wave pulses could be explored in high-speed optical processing and communications, medical real-time imaging, optical microlithography, and acoustic waves in crystals [29] . 
